We study the following nonlinear eigenvalue problem with nonlinear Robin boundary condition
Introduction
Our aim is to study the following nonlinear eigenvalue problem with nonlinear Robin boundary condition −∆ p u = λ|u| p−2 u in Ω, |∇u| p−2 ∇u.ν + |u| p−2 u = 0 on Γ,
where Ω is a bounded domain (open and connected) in I R N , (N ≥ 1) with a smooth boundary Γ and 1 < p < ∞. The real λ is a spectral parameter. Here ∇u.ν := ∂u ∂ν is the normal derivative, with ν stands for the unit outward normal at the boundary Γ. ∆ p denotes the p-Laplacian operator defined on u ∈ W 1,p (Ω) by ∆ p u := div(|∇u| p−2 ∇u).
The p-Laplacian becomes the prototype operator of Nonlinear partial differential equations. In fact, it figures in various of applied fields, depending to the range values of the rheological exponent p. Let us mention e.g. in the glaciology, in nonlinear diffusion and in filtration problems and in the mathematical modeling of non-Newtonian fluids [3, 15, 23, 30] and the references therein. Observe that if p = 2 the problem (1.1) becomes linear and it is known as the Robin problem [5, 14] . We point out that the quantity |∇u| p−1 describes the modulus of the ellipticity in (1.1). Thus if p > 2 it vanishes whenever ∇u = 0 in the domain Ω, as well as on the boundary Γ and (1.1) called to be degenerate at the critical point of the gradient. However if 1 < p < 2 the modulus of the ellipticity becomes infinity whenever |∇u| = 0 in the domain Ω, as well as on the boundary Γ and in this case (1.1) called to be singular. The nonlinear Robin boundary condition describes a flux across the boundary Γ which depends on the solution itself. In this context and for certain physical motivation of such kind of boundary conditions, see [28] .
Regarding to the literature, see e.g. [17, 20, 8] , related to Euler-Lagrange problems taking the form of eigenvalue problems involving the p-Laplacian, we can distinguish two situations depending on the place of the spectral parameter λ in the Euler-Lagrange problem formulation: (i) λ occurs in the main equation stated on Ω with homogenous boundary conditions (Neumann " ∂u ∂ν = 0 on Γ " or Dirichlet "u = 0 on Γ" or mixed) or (ii) λ occurs in Robin type condition or it is repeated in both the main equation and on the boundary condition(s).
Motivated by the work of Papageorgiou and Rȗdulescu [29] , our main objective in the present paper is to consider the spectral parameter λ in the main equation of the problem (1.1). For that, we are dealing with "natural" nonlinear Robin p-Laplacian in the whole Banach space W 1,p (Ω) without imposing other "artificial nor technical" variable parameter on the boundary. This motivates us to endow W 1,p (Ω) with a new norm which describes clearly the influence of the steady Robin boundary condition. Up to the best of my knowledge, our procedure is new according to the following major arguments:
(i) use the trace to endow the whole space W 1,p (Ω); (ii) consider only one spectral parameter occurring in the main equation of (1.1) and (iii) find and use the duality mapping explicitly invoking the trace. These facts make the study of the spectrum of our problem (1.1) different form referenced situations mentioned above. Following our major argument, we investigate the existence of one unbounded sequence of positive eigenvalues of (1.1) characterized variationally as critical values of an appropriate energy functional on a C 1 -manifold using the Lagrange multiplier rule. The aim reason is to fulfill hypotheses of L-S theorem proved by [31] .
Let us mention that [22] studied eigenvalue problems of p-Laplacian with homogeneous Neumann boundary condition, as well as several studies have been made for classical Dirichlet problems (u = 0 on Γ) involving the p-Laplacian operator ( see e.g. [2, 4, 13, 19, 27, 26] and the references therein). These results have been extended recently to a nonlinear boundary eigenvalue problem by [9] and [17] for Robin boundary condition in the case where the spectral parameter occurs in on the equation defined on Ω. The last authors consider as functional framework a proper subset of W 1,p (Ω)) denoted V p set as the completion of the intersection between W 1,p (Ω) and C(Ω), where C(Ω) is equipped with the norm . p, Γ . This kind of space was introduced in Section 3.6 of [25] . In this context we can also mention the work of Khademloo [24] , where the energy functionals are considered on W 1,p (Ω) endowed with the usual norm . 1,p without involving the integration over the boundary. In this context we cite the work of Motreanu and Winkert [18] , where the authors have given a survey on the Fučik spectrom of p-Laplacian with different boundary conditions in the same usual function space W 1,p (Ω). While in the present paper, we consider the whole Banach space W 1,p (Ω) equipped with a norm, involving integration over the boundary, for which we derive explicitly the associated duality mapping.
The rest of the paper is structured as follows. Section 2 is devoted to set the functional framework and to discuss the well-posedness of our problem (1.1). In Section 3, we state and prove some axillary results related to: the new norm on W 1,p (Ω) (Proposition 3.1) and the derivation of the associated duality mapping (Proposition 3.2). We establish also two results: Lemmas 3.1 and 3.2 which are needed to fulfill the required hypotheses of the L-S theorem. Section 4 contains our main results.
Preliminaries
We set a functional framework permitting to our functionals to fulfill the hypotheses of the L-S theorem proved by [31] which guarantees the existence of a sequence of critical values.
Functional framework setting.
We work in the usual Soboles space W 1,p (Ω) but it will be equipped with the the quantity |u| 1,p = ∇u It is well known that W 1,p (Ω) endowed with the usual norm
is separable, reflexive and uniformly convex Banach space [1] . In Proposition 2 we prove that (2.1) and (2.4) define two uniformly equivalent norms on W 1,p (Ω). Throughout, we will use the norm |.| 1,p . Let X * stands the dual of the space X linked by the duality pairing ., . . We denote by " " (resp. "→") the convergence in the weak (resp. in the norm) topology. Let us mention that u p, Ω (respectively u p, Γ ) denotes the norm of L p (Ω) (respectively L p (Γ)). Moreover, W 1,p (Ω), |.| have the same topological properties as W 1,p (Ω), . 1,p , in particular, they are separable, reflexive and uniformly convex Banach spaces for 1 < p < ∞. To show this, it suffices to see that the map τ :
Well-posedness discussion.
In order to further explicate our problem, we give in this subsection the definition of the p-Laplacian without specific boundary conditions. If u ∈ W 1,p (Ω) and the first equation of (1.1) holds, which guarantees that ∆ p u ∈ L p (Ω), then |∇u| p−2 ∇u ∈ (L p (Ω)) N . Moreover, we can define the normal derivative ∇u.ν on Γ in the sense of the trace. Furthermore, we deduce from [21] that
which is defined at any u ∈ W 1,p (Ω) via the Green theorem by
. We conclude then from the above that ∆ p acts from the space W 1,p (Ω), . 1,p into its dual W 1,p (Ω) * equipped with the dual norm denoted . * . Take in account the Robin boundary condition in (1.1), we formulate the following definition of solutions in weak sense.
for all v ∈ W 1,p (Ω). Moreover, if u ≡ 0, then u shall be called an eigenfunction associated to the eigenvalue λ.
Variational setting.
Embedding theorems [1] guarantee that the embeddings
Moreover, the mappings
Assume that u and v are both in W 1,p (Ω) and consider the following operators
Observe that (2.6) is equivalent to say that u is a critical point of the energy functional corresponding to (1.1), defined by 1
thanks to the Lagrange multiplier rule. (ii) A p and G are both odd and (p − 1)-homogeneous operators.
Auxiliary results
In this section we introduce some preliminary results concerning the duality mapping A p . We show also the compactness of the operator G in order to ensure the hypotheses of L-S Theorem. These results form the heart of the proof of our main result related to Palais-Smale condition.
Now let us recall that the map u → u | Γ , initially defined from C ∞ (Ω) into C ∞ (Γ) is extended uniquely by density to a linear map, called trace, from W 1,p (Ω) into L p (Γ). Proposition 2. The map u → |u| 1,p defines a norm on W 1,p (Ω). Moreover, it is equivalent to the usual norm . 1,p .
Proof. We split the proof into two steps, the first one is based on the fact that that Ω is connected and the second one is based on the compactness of the both embeddings W 1,p (Ω) → L p (Ω) and W 1,p (Ω) → L p (Γ).
Step 1: |.| 1,p is a norm on W 1,p (Ω). Obviously |u| 1,p is well defined for all u ∈ W 1,p (Ω), |.| 1,p satisfies the triangular inequality and obviously |0| 1,p = 0. Next, We need only to prove that if |u| 1,p = 0 then u = 0. Indeed, from (2.1), we deduce that |∇u| = 0 a.e. in Ω (3.1) and u = 0 σ a.e. in Γ (3.2) (3.1) implies that u is equal to a constant function a.e. in Ω. While (3.2) yields that this constant shall be zero, where we used the fact that Ω is smooth and connected. Hence the first part of the proposition is proved.
Step 2: the norms are equivalent. Let us observe first that ∇u p, Ω occurs in both norms. So, then we need only to prove that there are two positive constants C 1 and C 2 such that for all
Indeed, (3.3) follows easily from the embedding W 1,p (Ω) → L p (Γ). To prove (3.4), let us suppose by contradiction that for any integer n ≥ 1 there exists u n ∈ W 1,p (Ω) such that u n p, Ω = 1 (3.5) and |u n | 1,p < 1 n (3.6)
These two expressions confirm that (u n ) is bounded for the norm . 1,p . Therefore, up to a subsequence, u n u in W 1,p (Ω), for certain function u ∈ W 1,p (Ω). Then by the compactness u n → u strongly in L p (Ω) and u n → u strongly in L p (Γ). Now from (3.6) it follows that |∇u n | converges to 0 strongly in L p (Ω) and u n converges to 0 strongly in L p (Γ). However, letting n → ∞ in (3.5), we get u p, Ω = 1 so that we arrive to a contradiction. The proof is now completed.
Remark 3.
In review of the proof, we can deduce that for all p-norm in W 1,p (Ω) are equivalent.
3.1.
On the duality mapping on W 1,p (Ω). The concept of a duality mapping was introduced by [6] and used by [7] . For the main properties of duality mappings we refer the reader to [12] . In order to state the next result, we recall that the function ϕ : [0, ∞) → [0, ∞) defined by ϕ(t) := t p−1 is continuous, strictly increasing with ϕ(0) = 0, lim t→∞ ϕ(t) = ∞ and ϕ(1) = 1. Since (W 1,p (Ω), |. | 1,p ) is uniformly convex, thus a priori its duality mapping is single-valued [16] . To prove the result of the lemma, we need to show that A p (u) = ϕ( u 1,p )J(u), at all u ∈ W 1,p (Ω) \ {0}. To this end, in the virtue of [11] , as A p 0 = 0, it suffices to show that at any u ∈ W 1,p (Ω), A p (u) satisfies the following formulations A p (u), u = A p (u) * |u | 1,p (3.7) and A p (u) * = ϕ( |u| 1,p ).
(3.8)
The first equality (3.7) can be deduced immediately from the definition of A p , while the second equality (??) is more difficult. For that, we argue as follows. Let u, v ∈ W 1,p (Ω) with |v | 1,p = 1. Thus
Therefore by applying the Hölder's inequality, we obtain
From the discrete algebraic inequality
Combining (3.10)-(3.12), (3.9) gives
The right hand of (3.13) is exactly equal to |u | p−1 1,p |v | 1,p , Passing to supremum, we deduce that
On the other hand, let u ∈ W 1,p (Ω) \ {0}. Thus 
The proof of the lemma is completed.
Some useful properties.
Definition 3.1. Let X be a Banach space and X * denote its dual. An operator T : X → X * is said to be in the class (S + ), if for any sequence {u n } converging weakly to u in X and lim sup n→∞ Tu n , u n − u ≤ 0, it follows that u n → u strongly in X.
Remark 3.1.
(i) It is worth that, as functions, A p u and −∆ p u + |u| p−2 u are not equal a.e. in Ω, except if homogeneous Neumann or Dirichlet boundary conditions are added. (ii) Since W 1,p (Ω) is infinite dimensional reflexive smooth Banach space, the duality mapping A p is not compact. However it satisfies the condition (S + ).
Lemma 5. For any p > 1, we have the following assertions: (i) A p is an hemicontinuous operator; (ii) A p is bounded, strictly monotone, i.e.,
and coercive operator.
(iii) A p is bi-continuous operator and its inverse A −1 p is the duality mapping acting from W 1,p (Ω), |u| 1 to its dual which is identified to W 1,p (Ω), |u| 1,p corresponding to the gauge function t → ϕ −1 (t) = t p −1 , with p = p p−1 .
(iv) A p ∈ (S + ).
Proof.
(i) Define on W 1,p (Ω) the potential functional
This functional is convex and of class C 1 on W 1,p (Ω). Moreover, its derivative is exactly the operator A p . Thus this yields the hemicontinuity of A p . (ii) The boundedness is obvious because A p (u) * = |u| p−1 1,p for any u ∈ W 1,p (Ω). On the other hand, for any u, v ∈ W 1,p (Ω) with u = v we have
because the gauge function ϕ is strictly increasing. This implies that A p is strictly monotone. Moreover since p − 1 > 0 we get the coercivity, as follows
(iii) Proposition 2, the fact that for any u, v ∈ W 1,p (Ω),
and the uniform convexity of the space (W 1,p (Ω), |.| 1,p ) , imply the desired result. (iv) It is a consequence of Proposition 4 and it is as a main property of the duality mapping on uniformly convex real Banach space namely W 1,p (Ω) [12] .
We define on W 1,p (Ω), the following energy functionals We set M = u ∈ W 1,p (Ω) : pΨ(u) = 1 .
Remark 3.2.
Observe that A and Ψ are even and are of class C 1 on W 1,p (Ω) with derivatives
at any u ∈ W 1,p (Ω). is compact.
Proof. Let (u n ) n ⊂ W 1,p (Ω) such that u n u (weakly) for some u ∈ W 1,p (Ω). Thus by the compactness of the embedding W 1,p (Ω) → L p (Γ), we have u n → u(strongly) in L p (Γ). Therefore, there exists a nonnegative function f ∈ L p (Γ) such that |u n | ≤ f σ a.e. in Γ.
Then
|u n | p−1 u n = |u n | p−1 ≤ f p−1 σ a.e. in Γ.
Since f p−1 ∈ L p (Γ), it follows from the dominated convergence theorem that |u n | p−1 u n → |u| p−1 u in L p (Γ), as n → ∞.
That is Tu n → Tu in L p (Γ). Hence, we conclude by applying the he continuity of the embedding
This completes the proof of the compactness of T. then (u n ) n has a convergent subsequence in W 1,p (Ω).
Proof. (i) Using similar arguments as above in the proof of Lemma 3.2 we can show that G is compact operator via the compactness of the embedding W 1,p (Ω) → L p (Ω).
(ii) Consider a sequence (u n ) n ⊂ M, if (A(u n )) n is bounded and it satisfies (3.11) . Thus (u n ) n is bounded so that the real sequence |u n | 1,p n is bounded. Then there is a nonnegative real c ∈ I R such that for a subsequence if necessary, we have
We may assume that c > 0, because if c = 0, then nothing to prove. Using the Lagrange multiplier, the limit (3.17) is equivalent to say n := A (u n ) − l n Ψ (u n ) → 0, as n → ∞, (3.18) where l n = A (u n ), u n Ψ (u n ), u n .
Using Remark 3.2 and the fact that u n ∈ M, we deduce that l n = |u n | p 1,p . Therefore n = A p (u n ) − A p (u n ), u n Ψ (u n ). (3.19) Now we claim that lim sup
From (3.19) , n ∈ W 1,p (Ω) * and if we apply it at u, we obtain
As Ψ is compact from (i) and u ∈ M, one deduces, when letting n → ∞, that
Now letting n → ∞ in (3.22) , we obtain lim sup n→∞ A p (u n ), u n − u ≤ c p (1 − 1) − 0 = 0 because Θ n → 0, as n → ∞ in view of (3.12) . This completes the proof of the claim. Finally, from (iv) of Lemma 5, we conclude immediately that the sequence (u n ) has a subsequence which converges strongly in W 1,p (Ω). The proof of the lemma is achieves.
Remark 3.3.
It is clear that A is coercive and bounded bellow.
Main results
Let us now construct a nondecreasing sequence of positive eigenvalues diverging to ∞. Set for each k ∈ IN, consider the collection
where γ(K) = j stands the genus of K, i.e. the smallest positive integer j such that there exists an odd nontrivial continuous map from K to I R j \ {0}. Properties of the genus may be found in [10] . is a critical value of pA restricted to the manifold M. More precisely, there exist u k ∈ M and λ k > 0 such that
and u k is an eigenfunction of (1.1) associated to the eigenvalue λ k .
Proof. Regarding to f Lemma 3.1 and Lemma 3.2, the manifold (M) and the potential functional A satisfy the hypothesis of Theorem 3.1 of [31] . So in order to be able to apply the L-S argument, it is enough to prove that for any positive integer k ≥ 1 Υ k = ∅. Indeed, since W 1,p (Ω) is separable, there is a sequence e j j≥1 linearly dense in W 1,p (Ω) such that
where the symbol supp denotes the support. We can suppose that e i ∈ M, ∀i ≥ 1, because M is symmetric to the unit sphere of W 1,p (Ω). Define now for each k ∈ IN the k-dimensional vector subspace E k := span{e 1 , e 2 , ..., e k }.
for some real coefficients c j . Then in view of (4.2), we get
It follows that the function v → (pΨ(v)) 1 p defines a norm on the finite dimensional E k which is equivalent to the norm |.| 1,p . Then there is a constant C > 0 such that
The preceding inequalities and the definition of the manifold M yield that the set
is symmetric and bounded neighborhood of the origin 0. Moreover E k ∩ M is symmetric and compact and it is a subset of S. Now from Proposition 2.3(f) of [31] , we deduce that γ(E k ∩ M) = k. Which concludes that Υ k = ∅. This completes the proof of the theorem. Proof. Clearly λ k is nondecreasing since Υ k+1 ⊂ Υ k , for all k ∈ IN. Let (e n , e * j ) be a bi-orthogonal satisfying • (e n ) n are linearly dense in W 1,p (Ω);
• (e * j ) j total for W 1,p (Ω) * ;
• e * j , e n = 0 if n = j; • e * j , e j = 1, ∀j ∈ IN. Set now for any k ∈ IN F k := span{e 1 , e 2 , ..., e k } and F ⊥ k := span{e k+1 , e k+2 , ...}. By Proposition 2.3 (g) of [31] we have for any K ∈ Υ k K ∩ F ⊥ k−1 = ∅. Now let us claim that
We argue by contradiction. Suppose that for k is large enough, there exists u k ∈ F ⊥ k−1 with u k p, Ω = 1 such that m k ≤ pA(u k ) ≤ M, (4.5)
for some positive constant M independent on k. Thus (u k ) is bounded in W 1,p (Ω). Therefore for a subsequence (u k ) if necessary, we can suppose that (u k ) converges weakly in W 1,p (Ω) and by the compactness it converges strongly in L p (Ω). By the choice of F ⊥ k−1 , (u k ) shall converge weakly to 0 in W 1,p (Ω), because e * n , e k = 0, for all k > n. This contradicts the fact that 1 = u k p, Ω → 0 p, Ω = 0. Hence the claim is proved. Finally, the fact that for any k ≥ 1, λ k ≥ m k completes the proof of the corollary.
As in the case of the Dirichlet eigenvalue problems, the first eigenvalue λ 1 and its corresponding eigenfunctions have many special properties.
Corollary 4.2. The first eigenvalue of (1.1) is characterized variationally as λ 1 = inf u| 1.p : u ∈ W 1,p (Ω) such that u p, Ω = 1 .
(4.6)
Proof. Let u ∈ M, we set K * := {u, −u}. Clearly, K * is compact, symmetric and γ(K * ) = 1.
Since A is even, we have 
